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SURILRY

The paper deseribes bricfly tho worls which lod to the adoption

of the present criterion for wing torsionnl stiffness and discusscs the
resulte obtained by later rosearches. It is showm that the critical
fluttor speed may be scensitive to varameters which do not appecar in the
oxisting criterion, smeng the most important of vhich are the position
of the principal axis of inertin, and the wing tapcr. The paper puts
forward a suggestion for ~ new criterion which inclules the c¢ffcet of
these two parameters and 2lsc an allownnce for compressibility.

The Appendix describes a fairly thorouzh investigmtion into the
effeets of taper, which includes nlso the variation of several other
paraaoters,
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Introduction

The present crit.;r:lcm1 ror the torsioral stiffness of wings has
been ¢stablished for nearly ten years; a bricf histcry of its
dovelorment is given in Prra.2. It originnted in a dimensional study
of wing=aileron flutter and wing divergence; but in rceent ycars it
has assumed aliost exclusively the funetion of a proventive of wing
flexurc-tersion flutter. In this rolc it has plryed o very inportant
part in aircraft design.

In vicw of its cxtromo simplicity - the mnjerity of the peramcters
affecting flexurc~torsion flutter do not appear in the critericn - its
unifornm succuss as o flutter preventive is rounrkeoble, and indced
suzzests strongly that, in thc nnny cascs vherc the imurced parancters
have had favourablc valucs, the criterion must have been unncecsszrily
severe. However, until the lasi yenr or so this possibility has not
been sufficiently important to worrant ancndment of tho criterion.

Scme such change micht have been exllced for, had it not been that other
factors affecting wing stiffness - in somec cnscs design for strength,

but morc often considerntions relating to rolling power - have themsclve:n
required o degree of stiffness of the swic order as that defined by the
critcrion. Only very rcecently have decigmers had real difficulty in
nceting the requirement of the eriterion. This hnas been principally
due to two factors, nomely the increasing usc of pronounced Wing taper
and the nccessity to nnke somc provision (often off nn frbitrary nature
for anticipatcd campressibility effects.

48 regnrds teper, this is of particular iiportnnee, since in
general the looal torsional stiff'ness »cr unit span of wodern wings
falls off very repidly towmrds the tip, cften as the third or fourth
power of tho chord. In consuquence, in the wsual ring stiffness teut
(which provides the wveluc of the stiffnces appearing in the eritcrion)
the ratc of twist necar tnc mid-~ileron scetion is 1ty times greatoer
than that nt the roots S8 o result, the decigner finds that the most
cconomienl wry of improving the overall stiffncesd is not by o distributcd
increasc but by o »prenounced increasc near the midnileron ccetion.

Since this cffect results from the usc of toper, ~nd sinee in foet it
has been known for saie years that taper is boneficial from the flutter
viewpoint, o modification to the critcrion to ~llaw Yor this is
cbviously desirable. This is wore particulacly s since taper is
beneficial also in regard to aileron reversnl, and onleulations relating
to the latter take aceccunt of this fact: so et in camnrison with

the stiffness criterion, n~ileron roversal sypears to be of iiss

relative inportance than is worronted by the true stotc of flnirs.

Regarding the cffect of [inch muiber, it is to Le noted that
practically nll stiffness requiraawents now inelude conoressibility
corrcetion, and the rosence of such @« corrceticn in the wine torsionel
stiffness roquirenent provides o imjor insonsistoncy. It is true that
there is as yet practicallr no irforiwtion on the offects of compressibil-
ity on fluttcr, but what informuntion does cxist surmiests that the
corrcetion cin be as large ns that which would ohtnin ift all the
acrodynuide cocfficicnts wire inecreascd by the Clauert factor, at
least so lony au shock wnves orc obsent.

These considerations have provided additional impetus to the work
of determining how thc critieal specd for wing flexure=torsion flutter
depends on the principal peraneters involved.  The present .report
describes bricfly thc major steps in this worl;, -=nd proposes o critericn
which depends in = simple way on these poranetors. In the cvent of
the adoption of this ncw criterion, however, it vill have to be
remembered that it rclotes clmest exclusively to the srevention of
wing flexwre-torsion tflutter,
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A Brief Vistory of the Present Criterion

The followin: survey does not pretend to completeness. but is
interded to present only the morc i portant factors which have led to1
the present forii of the criterion, This is (sce for exmairle L.2.%70°,

te5)

2 05 slese s s s s S et s st SaTsies )

V = design speed (ft./sec. 7.4.5.)
torsional stiffness of wing, ncasured between root and
reference section (lb.ft./rad,)

4 = distance from root to equivalent tip (Ct.)

c,= mean chord (£t.)
The quantity C is o number -which depends on the reference section; it
asaumes different values for the mid-aileron and cquivalent tip. Its
valuo depends also on vhether the wing carrics engines or not;
furthermore, if the wing is not earrying cngincs C may be n function of
the wing cdensity ..

The fora ef the criterion (1) is due to Roxbee Cox“. Hic analysis
was in the nature of o dimensional study®; it was assumed that in the
families of wings considered the distributions of elasticity and inertia
corresponded, and the distributicn of chord with span was similar,

It then emerged that, if the wing density was const .nt", certain
relations hold betwecn the remaining peramcters,  Thus the wing torsion-
aileron flutter specds are connceted by the rclation

i 4

— ( 0 )2=constant 6.a1s ateislerazele aliniakals
‘ S0

Similarly, the flexure-aileron flutter specds arc rclatod by

. 6 .
-:7- (—EL)- = oonBtUNt,, essserssvearsriracccncsarssessas{(}
&

where in cquations (2) and (3) = is the soul-span .-,:.‘..1695 is the wing
flexural stiffness.

Roxbee Cox shewed 9.1:302 that cquation (2) hold: for the critieal
speed flor wing divergenccs To compliete the study, he wade a survey
of the values of the eriteria (2) and (3) schicved by o larjge number
of sdyreraft. In vicw of the intercst then attaching to wing donsity,
which had been shown by Pugsley’ to be important in relation to wing-
aileron fluttor*™% he plottcd thesc values against wing density,
Though there was considcrable scatter, the plot showed o general
tendeney for the criteria to incressc with wing density.

b But the critcrion itsclf is not non-dirwnsionel; secc remarls

in Para.b.
o The wing density was not defined as such; it wns defined as fo
whoere 8 is the mass per unit aren. This coneecption has given rise to
the modern dofinition of the density o

***  This was true for the small values of Wing density which were then
common, For modern wings, which have nueh higher densitics, density is
much less important; sce later.

ke
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The wlue of tic criterion (2) smas further underlined by siudies
of loss and rewersal of aileron control; it was showm by Pugsley and
Roxbee Cox* that in the evaluaticn of aileron power cf a mcroplanc,
the criterion (2) plays an important part.

The fact that the criterien (2) nmight be of sreat importance in
the prevention of flexurc-torsien flutter weosn first throwm into rclief
by the appearence of lussncr's flutter speed formuls, which was degcribed
end discussed by Pugsley?. Kussner's fomula states in effcet that
(srithin limitcd ranges of thc paramctcrs) flutter will be avoided
provided
ne

wherc k is a constant snd n is the freoucency of the predeminantly
torsional mode of oscillation found in a ground rgsonancc test. Yiowr
for familics of wings of similar plan forms and having similar distribu-
tions of mass and elasticity, thc froquency n will be proporticnal to
the square root of the torsional stiffncss my divided by the torsional
moncnt of inortia Oy scm'*; henee (4) cnn bo reduced to

1 n
v

e )’l’ > Ko %
i w
hy

where k is a constant. This result agrovd ranarkably well with the
findingg cf Roxbec Cox; and accordingly in o paper on wing stiffness
Pugsley® proposed that criterin similar to (2) and (3) should be
adopted ns desigmn criteria for aircraft. Puzsley here defined two
reforonce scotions, the mid-aileron and caquivalent tip sccticno, and
introduced the distence d from root to cquivalent tip into the criteria
in place of the scmi-span s. He also pointod out that the torsional
stiffnoss critcrion is of more importanco than the flexural eritericn.
The actual mmcrical values proposcd wore based on statistics of
achicved criterin.

.-.---..-.-.--..-...-...--‘-.----.---(5)

At about the same timc, the criteria were given the status of
recoriiended practice in A.D.T..197; and shortly aitersmrds, the
mandatory docwient A.D.if.3748 ~ppearcd, which definod the torsjonnd
stiffness critorion substantially os it now appears in AP.970%.

A distinction was drawn botween wings with ving cnirincs ~nd wings
without c¢ngines, For the former, a constant v-luc, independent of
wing density, wms roquirced for the criterion; for the latter a linear
variation betwcen two givern donsities.  This lincar variction is an
approximation to the parsbolic relntion given by (5) within the range
of density defincd.

3 Subscquent Theoretical Investigntions of Plexurc=torsion Flutter

As has already been indieated, the wing torsional stiffness criterion
was not originally concerncd with flexurc=torsion flutter, cxcept in so
far ns divergcnec can be regarded og a part of this question. Howecver
as its importance in the rolc of o preventive of flexurc-torsion flutter
beceame realized, tho practice developed of cxpressing the results of
rescarches into flexuwrc=-torsion flutter, in terms of wuantities closcly
£llicd to that of the critcrion. The present poragraph sets out the
main advanecs resulting from thesc rescarches; sinec they all relato
to the sam¢ subject, it is convenient to deseribe them under ~uthor
headings.

Pirst, however, it should bc noted that tho wings of modern ajr-
croft (or ot least the military types) arc very different from those of

5.
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ten years ago in respect of wing density oy and of ratio of flexural to
torsional stiffness r, As regards density tho weight of wings hes
risen as o consequence of the usual adoption of 21l mctal construction
to mect the strength and stiffness demanded by modern high speeds; to
obtain incrtia relief nore and mere weight (such as fucl) hes been
distributed in the wings, and auxiliary nesscs such as allerons and
arnanent have become larger. In econscquenec ¢, has risen fron the
value 0,2 1b,/cu.ft. corzicn ten years aso to a ¥aluc nearly ten times
as groat. lioreover, the esscntial factor in donsity censidcrations is
not the absolute wing density but its ratio to the air density; and
sincc on the average modern aireraft fly hipher than those of ten years
ago the average cffcetive wing density has riscn fron this causc also,

The ratio r is defined in the light of the ecriteris (2) and (3)

¢ 3 2
r =(_§_)/(_d:5_) it s e e e Bieiaieiniels s a s b SIS0 b a b e 0 sre (OH)

Ten ycars ago r comonly lay in the range betwcen 5 and 10.  In the
intervening period, howcver, the average valuc of ng has risen nt o

far grestor rate than &, while externcl braeing hns largely disappoared,
80 that = zZood ncrn vallio for r nowmdays 'is about unity.

3.1 Willians

The work of 7:'1115.:1!.159 was cnrricd out ot an early date, sone
years beforc tho criterion gained currcncy. The flucts of wnriation
of a large mmbor of paramcters woero cxamined, ond the principal
conclusions swere

(2) The ratio of torasional to flexural stiffncss should be a8
large as possible,

(b) Smell forwsrd movoncnts of the inertia nxis con hevwe powcrful
stebilizing effccts.

(¢) Rearwnrd movenent of the flexursl cxis (within the limits
peritted by comsiderations of divergence) is favournble.

(d) 1Inecrcasc of wing density or decrcase of air density . is un-
favcurnble, .

(e) The effcet of hystcresis is snall.

Llthough the wing considercd, being rectongular vith oy = 0.2 1bsfou.f't.,
is unresprescntative of modern practice, thc conclusions (&), (b), (e)
and (o) still hold good.

3.2 Duncan and Lyon
10

In this investigation'w a strodight-tapered wing was cssuacd; tho
floxural axis was kept fixod at 0.3 cherd from the leading edge, and
the follewing parmneters were varied: (2) the ritio of air density to
wing density € , (b) thc ratio of flexural to torsional stiffness r
(sec cquation (6) ), (¢) the position of the inertia nxis, (d) tho
structur~l damping. The results arc expressed in a forn closcly cllied
to the inversc of the torsional stiffness criterion and alternatively
in the form cf a Klsgner cocfficicent. The prinecipal eonclusions aro
that in almost all cases

6o
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(n) For a given torsional stiffness, reducticn of flexural
*stiffness is bencficial

(b) Increcse in the torsional stiffness is benclicial

(e) Forward movenent of the inertia axis produces n mnrked risc
in critieal specd.

(2) The influence ef structural dnuming is not very merked.

(e) The value of the Kussner cocfficicnt depends ncutely cn the
position of the inertia axis,

(f) Increomsc in wing density lowers the eritiesl fluttor speed,
but not indefinitely; an asyuptotic céndition is reached where the
critical specd tends to a finite value for infinite wing density (this
conclusicn was not ncw, having been discus.cd carlicr in relation to
propeller flutter'!).

The divergence speed vns clso discussed, snd an Jppendix drew
attention to the difference betwocn the stiffnesscs appropriste to the
flutter condition and those feund in a stifimess tost.

343 Dunecan and Criffith

This was the first rc:c".rch12 in which the wing taper wns systci-
atically varied, Vith this 2dditisn the worl: was in the main an
oxtension of that deseribed in 3.2; therc was however, the differcnec
that tho incrtin axis was kcpt fixed nnd the position of the flexurnl
axis was varied. Throughout tho werk, the icdis of deformaticn were
kopt constant.  The conclusions additionnl to thosc of 3.2 arc

(») Inerensc in t-per is bencficial
‘(b) Rearward nmovawnt of the flescural nxis is beneficinl.

Regerding (b) it my be noted that a coparison oi' the results
of the two invu:.‘tigations1 J512, shows that rearward swvosent of the
flexural axis is not as beneficinl as forwnrd Lovenent of the incriin
cxis; this is of coursc consistuint vith the well Jmovn result thet the
optiingi condition is that for which the incrtin and flcxural axes coine-
cide with the nxis of independence 13 (i.c. arc near the serodynamic
centro).
34 Jahn and Buxton

This wns » research! into the various iwethods of caleculation of
flutter spccd adopted in Great Britain and other countrici. The basic
parancters amploycd were not stiffnesscs but frcoucnecics, and henee
tho results do not bear dircetly on thoe question of the stiff'ness
criterien. However, onc result of importonee cocrred, nancly that thoe
critical flutter spced is stroncly influcnecd by the assumd nodc of
wing torsion; the effcet of the niode of flerurc is uweh less rarked.
Other conclusions of intcrest were that the adlition of owvertonc modes
(cnc in flexure nnd onc in torsion) did not chonge the cnleulated
critical spceds to any preant cktent, ond tint tho noust important
acrodynanical nctions by far are two stiffnesscs, nwuily the rates
of change of 1lift and pitching nonent ith incidencc.

3.5 DBuxton
This work'” is to be rcportc shortly. In csscnee it is an

cxtension of' the work of Duncan :nd Griffith dcscriboed in 3.3 te

Te

B L B S N o o e e
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include varintion of the position of the incrtin axis; this varietion
to be givon a wider renge than in previous rescarches. DBuxten derives
fron his results an aperiecnl formule for flutter specd which shows that
the position of thc inertia axis is nuch wore irportant thon that of the
flexural axis. Be oxomines also the flutter of an elliptical wing, and
finds that it has iwch the smae critiecnl speed as a straight=tapered
wing of taper ratic about 0.6. )

s in the werk of Duncan and Griffith'®
were not varicd with the taper.

the noedes of deforminticen

&4 The prescent investigation

The work described in Para.3, and that of Duncon and Griffith in
particular, haod given o streng indication of the most importent parancters
in tho preblen of fluxurc=torsion flutter; and accordingly a simple
cxtensicn of the tersionnl stiffness criterion vas kntatively scheuced,

It was based on = diagraa of the kind shown in Fig.1, vhich has been
obtained from the rosults of Duncon an’ Grirfith,

Three moin curves nre shovm, .., B, end C. .. is the parabelic
variation of the criterion (1) with o, sugrested by Pucsley; i is tho
actual varintion of the criterion given in the rcquirwients, Tho curve
C is the value of the criterion for onc of thuwings considered by
Duncun an? Grifith at its critienl fluttor speed; i.c. Vo has been
substituted for V in INC criterion.  This curve, ie.scribcﬁ for sinplicity
a8 "standard" hes o tnper ratio k (tip chord divided by rcot chord) of
0.6 and a wluc of thc siiffness ratioc r of unity. Tts flexurnl nxis
is at 0.3 chord and its incrtin nizis at 0.4 chord nft of the lenling
edge. It may be noted that the curve is roughly porabolic ncargy, = 0
(though in fact it docs not pass through the origin); obut that 2o gy,
is increascd the alcepe of the curve socn becancs wery ancll, and for
valucs of oy preater than about 1.0 the ordinnte is not very diffoerent
from that of the asymptote corrcsponding %o infinitc wing density.

Suppoac that, for ciayiple, this standard wing hes o wine: density
of 142 lbe/cusft. nund o torsionsl stiffness such thrt, 2t its naxime
diving speed of 500 ft./scc., the torsional stiftness critorion just
has the required value of 0,0k, Let the spced V spperring in the
critericn (1) be regarded os a currcnt variable.  Then as the spoed
riscs fraa a low vrluc, the ordincte at gy = 1.2 drops, until at.o speed
of about 40O ft./scc. tho parcbolic curve & ic roachode 4 furthor rise
to 500 ft./scc. brings the ordinnte dovm to curve B, .. further risc
brings the point dowm towards curve C, wwhich is resched ata speed of
about 800 ft./sce. = the criticnl specd.  Thus the dffercnce between
curves B and C represents the safety raxpin bedweon the uaximm diving
speed and the speed of onsct of flutter.

The curves in the ncighbourhood of C show the offcets of variation
of somc of the relevant parancters. L change frow h = 043 to h = Ou
in the floxurnal axis position gives a slight improvenent in the flutter
oondition. A change of r frai 1.0 to 2.2 has a rather bigger worsening
cffoct. The lorgest chense showm is however, the inproveument censcquent
cn o change in the taper ratio k fro G.6 to 0.3.

Since tho margins of stability rwre cvidently considerably different
with differingz valucs of the paranicters, o sinple eriterion, of the
fora

- (';éz—): > ¢ r,(x) ry (x)

where f4 2nd fg are appropriate functicns would, it wac thought, provide
more uniforn nargins. However, this tentative criterion was not put
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forward, sinco further work suggested that some important effcets were
not included.

4.1 Seccondary Effects of Taper

The Appendix to the present Report shows in detail the = teps
leading to the propesed new criterion, and gives the apprcpriate analyss.
A brief description will therefore sufficc here,

It was remarked in Parae.3 that the assumed wode of torsicn could
have a pronounced cffect on the critical flutter specd; but the
investigntions relating to tapor assuned no variation of the mode of
torsion with taper. Accordingly a new investigation was mado to
determine the thecoretical mede of purcly torsional oseillation in vacua
as a function of taper, variation of the distribution of stiffncss end’
inortia with taper being chosen to represent average practical eonditions.
At the same timec an investigation was put in hand to determinc how fax
the stiff'ness appropriatc to the actual mode of torsion assumed
{corresponding to the mode of torsion in vacuo) diffcred fraa that found
in a stiffness test, tlerc an important factor is the position ?g the
reference scetien. This question had been discussed by Victory'®, but
the rosults related to semi-rigid wings only; and it was concluded that
the scetion at about 0,7-span from the root was the optimun, A noto by
Collar?? had again drawn attention to the diffcrence botwecn the
stiffness found in a stiffness tcst and that appropriate to a distributed
load cendition, and the questien was discussed more fully in relation
to anileron powor by Collar and Broadbent?Y in a repert from which tho
importance of the ref'crence scotion mey be deduced. It had of courso
been demonstrated at a very carly date 1 that the diffcrenco between
static and dynemic stiffress could be very large when the reference
saction for a fluttor problem is taken at the tip.

The rcsults of these two investigations were next embodied in
further calculations of the critical flutter speed of a family of
straight~tapercd wings. The wing density choscen for these caleulations
was oy = 1e6 lbs/cu.ft.; tho principal variablcs assumed were r -
(stiffness ratio), k (taper ratio) and g (position of inertia axis as
fraction of chord from leading edgc), Some additional calculations
were also mude of the effcet of h (position of flerural axis). Tho
main results arcshevm in Pig.2, where the non-dimensional quantity

B =Vopl/ (—md‘fz—):'
n

is plotted against r far various values of k and g.

4«2 An Exprcasion for thc Critical Speed

From Fiz.2 the variation in critical fluttcr speed with the relevant
parameters may at once be read off; and it is.cvidcnt that we may write

R 1 :
(=) e FR Gy B s (D)
c C

n

where Vc i3 an cquivalent airspeged.

The determinntion of a renlly accuratc function F would in general
prescnt considerable difficulty; fortunatcly ‘however, quite good
accuracy can be nachieved by epressing F as a product of four factors
cach involving only one of the parascters.  ilorcover, within the
practical rangc the four factors can be expressed as simplc functions;

9.

Y
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in fact, it will be found that the following expression gives curves
vory siﬁilu to thosc of Pig.2: "

1 "o "'_ ¥ (g-04) (13=h) . 8
Yo (dcm ;%20 (4 = 0.8k + 0L4K%) (1 =0,1x) - o

4¢3 'The Effcct of ssibilit

In all work described above no account has been taken of the
effocts of comprossibility. Very little ruscarch on this question
has in fact evor been carried outs Insofar as it is gonerally
accepted that the usual Glauert corroction!? can be applied to quasi=-
static conditions below the critical iinch mmber, there is a case for
.such a correction, sinco div 553""“ is part of tho fluttcr problem,
lloreover, the work of Frazer“Y on compressibility cffccts on flutter,
supplementod by.some unpublished work due to Jahn, has shown that in
some circumstances the flutter speed oan be modifiicd by an smount
cquivalent to that of the Glauert corrcotion. Accordingly it ia
proposed to introduce this corrcction into the critecrion, subjct to
the limitation that for ilach mmbers incxcoss of 0.8 only tho
correotion appropriate to a ifach number of 0.8 noed bo applicd.

Lok Spanwise Variation of iiass Distribution

It is cvident from (8) that almost the most important paramotor
in tho flutter problem is the chordwisc position of the mass centres
of the soctions, défined by g. A rearward movement of the centre of
mass from Ou.4 to 0.5 changos the :rolevant factor in the ratio 4 to 3,
and thus implies, for a given critical apced, a stiffness incroaso of
nearly two to ono. However, it is well knowvn that it is mainly in
the outor scctions of a wing (which suffer far bigger displaccmenta
than the root sections) that the chordwiso distribution of mass is
potent in affecting tho fluttor problem, An ind%*n.tion of this may
bo provided by the work of ifinhinnick and Yarwood“' on the fluttor of
a wing carrying concentrated masscs (ongine and undoroarringe) near
the root. Additions of mass corresponding to about onc=tenth of the
engine mass produce no significant change in the critical flutter speed
of the bare wing, though the change in the position of thc local centre
of mass over tho inncr third of the wing span is vory large,.

Acocordingly, it appears that in. cquation (8) it is sufficient if
the value of g is determincd by the chordwise position of the ccntre
of mass averaged over the outer half of the semispan only. It may
bo remarked that from the flutter viewpoint it is extremcly advantagcous
toarrange the distribution of ma3s in the outer half of the wing to bo
such that the centre of gravity is as far forwnrd as possible.

5 The Pronosed New Criterion
In view of the remarks in Para.t and of the cxpression for the

critical flutter speed given by equation (8), the fonow:mft torsional
stiffness critcrion is tentatively proprecd:

-3 3 SRR T ISR,
v (Tc'%,—) g P e ) o1

withg () = (1 =32)"% , 0<H< 0.8
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and subject to the limitaticns

035 ¢ g < 055
1 I

0.25 ¢ k < 4.0
The value of the constant C would best be detcruined by a study
of mlues of C appropriatc to nircraft which have flown; but s probable
value will be about 0,06, This would give e ratio of critical spoed |
to maximum diving spced ef wbout 1.;. I% is relevant here to compare |
equation (3) with tho incquality (9 It will be obscrvcd that tho
compressibility corrcction ¢ (1) has been introduccd, but the factors ,

This ocwisaion 1s made for two
]

involving h and r have been omitted.

rcasons. First, within practical ronges cf variation (usunlly

0e2<h < Ou4 and F<r<2) the offects of the factore are not great, at

lecant by comparison with the effects due to the extremes of change in

g end k. Sccondly, it is not usually possiblc to cstimate h and r in

the carly stagos of desigm; indecd, so far as r is concerned, it {

cannot be evaluated until the left-hand side of (9) is kmovme

Accordingly, it is proposcd thnt tho factors involving h and r
they might howcver, be re-introduced

should in gencral be omitted;
when o borderline easc is under consideration from the point of view of

the granting of a concesesion,.

Further Developuwents and Ccamcnts

The forcgoinr supgestions have so far related to wings not earrying
The atate of rescarch on the flutter of wings carrying

wing cngines.
wing engines 1s not such that 1t is pessible at present to formulate
any criterion of a simplicity corrcspondinz to (9). Howcver, therc

6

gcoms to be no reason to doubt that the factors depending on g, k end M

vill bo much the same in the case of n wing with winz cngines as for

probebly the former cese should include some new factor |
At the present

a plain wing;

depending on the lceation and nass of the cnzines.

stage hewevor, it scems that the best that con be done in to follow

the preccdent of the existing criterion and use (9) vith a diffcrent
As a check, it moy be worth while to apply

value for the conatant C.

cquation (8) to that part of the wing outbonrd of the outcrmost enginc
in order to obtnin ~n approxinnte estimete of the critical flutter

The spced obtained in thic manner should of coursc be modificd

spced,
by the application of the compressibility corrcetion.

A develomment which may be antieipated rclates to the method of
, determination of the stiffncss rgs At present this is nppropriate
to symmetrieal applied torque. Reccarch at present in hond suggosats

however, that, when bodily frecdoms of the nireraft arc
account, the antisymactrical flutter condition mnay appear first, and
in this case the antisymetrical value of the stiffness tg would bo \

tnlien into

required in the eriterion.
Apain it is %o be remarked that the proposed eriterion (9) has

been developed on almost purcly theoretical grounds, and it 1s obviously

highly desirable to obtnin some experimental evidence of its validity
To this cnd, o fanildy

as a preventive off flezure-torsion flutter.
of model wings of equal span =nd rican chord, but having different
subjected to wind tunnel tests:

ses In this way

—lDe

tapers 1s being constructed ~nd is to b

it will be possible to vary the parameter g in all ca
it should be possiblc to obtain a check on the factors involving g and
k in (9) 2nd an indication of the approprintc valuc of the constant C.
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A preblen of current intercst is that of the stiffness of swept~
back wings. It must be cmphasiscd that the criterion (9) s devoloped
relates to unswept wings, and rescarch into the flutter of swept wings
will be nccessary beforc it con be assuned that the criterion .(9) is
adequatc for swept wings or vhether (as is probable) it requires
modification. In any case, it sccms certnin that the stiffncss cof
swept wings will depend acutely on the problaus of lateral control and
longitudinal stability,.

One further romark is desirsblo here.  The criterion (9), in camen
with all cxisting stiffness criteriz, is not non~dincnsional, and
accordingly the nuacrical wvolucs aro not wpplicablo, for cxample, to
the nmetric systcme  Thg criterin could be nade non-dimcnsional by
uwultiplication by p, "2 i.c. by the facor 20,5 in the ramacrical
valuc required; thc additional factor p? wwould then appear with V in
the denominator of the critcrion and V would be a true spced, If it
werc thought desirable to nake such o wodification it would probably
bo best to square the criterion (and all others) and to cxpross it in
a forn such us

n

szdcm

L o

where X is the non=dinensionnl factor appropriate to tho case.  This
coursc would givo the value of thc required stiffness dircetly, and
would avoid th_& sonewhat arbitrary ncecssity of evalunting the fourth
root of (1 =ii®) in the comprcssibility corrceticn. At the same tiac
it night be worth whilc to replace in the wing stiffncss criterion the
spanwisc dimension d by the saai-span s, sinec @ has no apparcnt
advantage and is not quite so readily computed.
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List ef Principal Symbols

Critical spced parameter dofined in Paradiele

i constunt defincd by the incquelity (1) also the current
stiffncss per wnit length in the appendix,

Stiffness per unit lenpth = value ot win: root.

Surrent valuc cf torsional moncnt Of inertin per unit lengthe
Value of I at the wing root.

iach muober.

Strain encrgy.

Energy in static uode.

Eneryy in dynamic mode.

drspecd = usunlly an equivalent airspeed, except where
wssociated vwith p.

Critical flutter speed.

Currcent valuc of ving chord.

Root value of c.

Tip value of c

ilean value of”c.

Value of ¢ at refero.ce sceticn.

Distance fras wing root to cguivalent tip.

Defines position of incrtisz axis aft of wing leading cdge.
Defincs pesition of floxural axis aft of lending cdgec.
Ratio of tip chord to rcot chord,

Flexurel stiffness ns measured at reforence section.
Torsional stiffness as :wasured at rceference scction.
Effective value of 1 in flutter.

Torsional frcauency defined in relation to equation (L),
also index of flutter dode defined by cquation. (4e13).

Fundraucntal wing torsionnl frogquency.

Stiffness rotic / .._‘f’.\ ( ___a_.>

a3/ \ dc%

Scni=-span,
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List cf Principal Symbols SCcntd[

Spavwise co-ordinatc.

Constants depending on taper given by equation (L.41).

Kon-dimensionnl spanwise cc-ordinate (= y/s).

Value of n at reference sccotion.

Currcnt value of torsional amplitude.

Functions defined in Parne.2.12 of the appendix,

~ir density,

Value of p at sea level.
Wing density.

Function of taper (=1 = k).
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2PPENDIY

o Y

effect of taper con wing flexure torzion flutter apocds

by

E.G. Proadbent, T.i.
and
Flizcbeth 2. Putticlk.

Introduction

In the mein text of the present report refercace has been nade to
the work of Duncan and Griffith!<, =nl Tuxtonl3, both of whou includc
the cffect of taper cn wing fluttcr speeds in their rescarches. The
prescnt investigation was proupted by the consideration thnt the modes
of vibraticn of a wing aro likely to vory with its taper and thereby
contribute to the cvernll cffcet cn the Iflutter specd.

The Tlutter problem is apprcachcd in the stondord vay by the
essuiption of two semi-rigid wodes, one ol purc flexure and the other
of torsion about thc flexural axis. It hos been shown by Jahn and
Puxtonl# that veriations in the Tlexursl mode are of nuch less i portance
than wariations in tho torsional nwde, so for simplicity the floxural
uwode is kept constant for the diffcrent topers. The pori-rigid
torsional mode is assuned siniler to the fundenicntal torsional node of
the wing vibrating in vmcuo; the latter rwode is first ecleulated for
onch wing and nn npproximntion to it, morc suitablc for use in the
flutter calculation, is then alopted.

The results obtained in the prescnt investi ation show saac
differcnce fran thosc of Pefs.12 and 15, but the effect of the differant
nmodes is not great; such ~u it is, however, the wnristion of critieal
speod with taper is reduced. DLut thosc results all refer to wings
having thc smic torsional stiffness as measwrad in o stifiness tost at
the rcference scetion (0.7 8 fron the root).  That this stiffress is
less than the offective stiffres: in the acturl tersional ode of
vibration has beun recognisced formouc tiae, bul previously, so far ao
the vritors arc aware, no attermpt has boen made to cstimete how the
magnitude of this Aifference depends en the static mn? dynaiidce torsionsl
modcs and on the location of the refercnec scetien, The ¢f'fect is in
fact considerable. Tt is discusicd in Parn.3 of this apnendix, and
it is shovn that the effcctive stiffness of ~ stronsly tapered wing is
relativoly much greater (for the standard refercnee scctic 1) than that
of an untapercd or slightly topered wing.

Finally a brief cnguiry is made into the question of deteraining
the best lirear taper to usc &s an aporoxination for wings whosc plan
form is not streight topercl.  Onc or two variations of an approach
depending on the least squarcs principle zre tried, but it is concludcd
that Hirst's conventional ncthod is the nwost satisfnetory.

2 Variation of the Torsional .occ vith Trpex

The calculations are bascd on the sssuaption thnt the torsional
mode under thce flutter conditions is not very differcnt from tho
fundaacntel torsional mode of vibration in the nbscence of air forecs.
That good justification cxzists for this assuaption hasbtoecn demonstrated
in R & 3 171692, In Fig.8 of that report the two nodes are directly
compared, ond if the amplitudes ~re mnde tc coincide nt the refercnce
scetion (n = 0.7) instcad of the tip, the cnly npprecianble discrepancy
is at the tip where the flutter mede rises more shorply.

18,
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In 30 far as thc present investigation is concerned, this effect is t
some oxtent compensated by use of. the approximate modes of Parn.2.2 in
this Appendix.

241

The Exact Soluticr for the Fundamental Torsional iiode
2,11 Definitions

The geometrical sssumptions made ere shovm in Pig.s3. Fowr
differcnt tapers arc considercd such that

ey/cq = 1, 0.75, 0.5 and 0,25,

Finally it is nssumed that the leceal values both of stiffness and
inertin are proporticnal to the fourth power of the chord.

These assunptions mny be expressed in the form
C =g, (c/e)* )

(Ae1)
I, (c/co)“

I

where

C is the local stiffness and ¢, tho root value

and

I is tho loeal moment of inertia about the flexiral axio®, and
Io is the root vnluo.

For convenicnce we define the tnper by means of a quantity % such thnt

c=c, (1 =-%7) . (A.2) '

where N

y/s is n non-dimensionnl spamwisc variable.

|
The equations (A.1) nay now be written

G (1 =% )t

c

T

I (1 - ™ )’+ (A.3) ’ .

2.12 Sclution

o the Differentinl Equation for Torasional Cecillations

The method adopted follows closcly that given by Wa.lkcr23 « The
differential equation for torsicnal oscillations of the wing may be
written

et 0 86
Ie-._____.. C = 0
R P

(Auli)

For the fundaacntal mode of vibration, inoregver
(-]

04 Bin (pt + £ )

or U:-pzo-

* In tho flutter ecalculations, the moaent of inertia about the axis of
inertia is assumed proportional to the fourth power of the chord, with
tho same constant of proportionality ~pproprinte to the different wings.
However, the mass per unit span is assumod proportional to the squire of
tho chord so that Tor a given wing the equation (A1) still holds about
\ the flexural axis. .

15

GPER RET
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Whenoe, substituting in (A.4) and chenpine the varicbles we have

1 4 s [+
? Tn ] % (1 = )4 _';%'z*’ P21, (1~ sn)to=0 (A5)
by use of the equation (4.3)

The cquaticn (4.5) is now modificd t for of Beascl's cqunticn.
It may read’ly be verificd that by mnking the substituticns

1-1;11: T E
ey ol .. . gpifd

the equaticn reduces to
d,
o R TR R

- 52 a'g pZ IQ/C(\'
The solution of equation (L.6) is

$=ATsm (B)+ny 3/2(") (As7)

where A and B are arbitrary constants and J refers to the appropriate
Bessel funetion. Tn this casc the Besscl funetions may be written os
simple trigononotrieal expressicns, and the sclution is accordingly

"3/2 ¢ =.i(oing -~u cosu) + B(~ #sin g - cos p) (£e8)
This equation ruet satisfy the cnd conditions that
& =0 when n 0
and §

%—%— = 0 when ‘n 1)

The substitution of conditions (i.9) in cquation (ie8) yields two
equaticns from which a relation bétween .. and 3 ia obtained, thus
specifying the mode of vibration; a second relation between the
rolevant paraneters is also obtained which will give the {requency.
After corrying out this process, the resulting cquations may be written

B-:' (1= wm)° (-2-) = i sinfp (1 - m)] - cos[ﬂ(1 -m)]}
: g (1~ %)

- a'{:‘sin@ (1 - 1“2.] + COS[B {251 ﬂ (Le D)

p(1 = an )

P cosf - sin B
p sinB + cos g

Q=

3+a (2+ ¢)(1 =)
20,

)
) .
tanw -Bl2T =pZ(1-x 2} § (fet1)

T g e P e T R D s T s A T ey
= -y
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The quantity g is defined 28 the positive root of the expressicn
2 2.2 1
g = 23— —

< Co

p is giver by
%3 e \:
P = .-i-—- et = T8 (‘...12)

whence the frequency

Thus for preacribcd yaluc of T s s evalunted
from the sccond of CA® jons (Lo41)) & of vibration is
obteined fred (..e10) and the frequency
required 18 the lowest positive value £

directly
cxprcsai.on b
of the
@ values, it v

mothod for the uwatlio
the nm\crical re.C ui.

o the modcs T so as %o give intcers 2

posoe the approxi.matc nodes

approx-:matc
evaluated nmlytically. Fortnis PUr

simply
are found 1in the form
¢ am N )

n
e £ is the torsional node and iy
The torsional mode given BY (ie13) 18 cotained by the princ
lcast s8quaros fron the cxaot mode pound aboOvVe. This leads o the
_raaulta that
2n
gf ot =Ly M

(Jue13)

wiher is 2 conatants
iplc of

=0
(I“.‘“'.')
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It is interesting to observe that the index n increcasa with taper
and is about unity for an average taper of ¥ = 0.5, For the condition
% = 0 it mey be scen that B = X/2 (from equation (A.11)) which leads
to the well known result that thc cxact modc is 2 sinc curve, and in
tho aporoximation r is about 0.7. Table 1 zives the variaticrs of
the index r with taper.

able 1

e o

= tip chord_
" root chord

0 1
0.25 3/L
0.5 1/2
0.75 1/10-

The variation of effective stiffness with tarer

The investigations carricd out under the above heading have proved
to be among the most important, quuntitatively, in the develooment of
the new eriterion preposed in the uain text. The whole of the effoct
may be rclated to two defects in the sendi~rigid hypothesis adopted in
flutter work; namely that the predicted critical spceds will in fact
depond on the refcrence scction choscn, and on the rclation between the
cffectivo stiffnecss in the mode of vibration and the stiffncss which
would nomally be measurcd by £ stiffness test. In this prragraph
an attempt, based on thc assunption of Para.Z.11, is madc to compensate
for these defecets. -y

3.1 The Choice of a Refcrencc Scetion

This question has been considered by Victory16. For one particular
plan form, ohe calculated the critical fluttcr conditions with diffcrept
assumed modes of vibration, and concluded that wvariations in critical
specd were minimiscd if the reference scetion were choscn atebout 0478
from the root. If thercfore the modes for any given wing were not
known, the probable crror in critical speced vwould be least if this
refercnce scotion were adopted,

In the present investigution, as detailed in the following paragraph
the relation between the neasured and cff'cetive stiffness is cxanmined
for cach taper, and for a range of values of the rci'erince acction.

It was hoped that the refercnec scetion giving the peak walue of

(mg /u 1?‘wlusrc m, is the measured and g 1 the effcctive stiffness,
could be choscn as standard, and that if This peak were about constant
and not far fran unity the mcasured stiffness could be used dircctly
in the flutter work, The results, however, show widely different
charscteristios for the diffcrent tapers, as may bo scen in Fige8,
where tho raiio (me /iia 1) is plotted against the value of n at the
reference scetion. Ii? is cvident that an cffcetive stiffness allowanco
must be made; and frem this consideration, snd from the positions of
the maximn shown by the graphs, there is clearly no case for changing
the refercnce scetion from the stendard onc of T|° = 047,
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3.2 The Effective Stiffness for Different Reference Scetions and
Different Tapers

The prcblenm itz approached by the consideration of the cncrgies’in
the two rolevant modes; tho cne mode is that obtaincd by the mcthod
of Para.2, and the other is that apprcpriate to a concentrated torque
applicd at thc rcference scction. The dynomical mode adopted is the
exact mode derived feor the fundamental torsional oscillations, and
not the approximate mode uscd in the flutter calculations, The
rcascn for this proccdurc is that the flutter mode is purecly a geomctrical
representation of the exact mode for acrodynamical purposcs, and was
derived so as to have as little effcct as possible on the eritical speed
which would be appropriate to the exact modce  The stiffness of tho
approximatc mode is not, therefere, rolevant to the problem, and in
fact it may bec noted that tho root condition of torsional oscillations
is not satisfied.

The problem of the untapercd wing is considercd first; the solution
for the tapcred wings is thc same in principle but algebreienlly more
coinplicateds

3.2 The Unicvercd wing

The strain encrgy in the ving is derived from the general eguatien

av = ;—2—; (—32,—\2 an (4.16)

We firat consider tho casc of a static concentrated torque applicd
at some refercnco scction Mye As C is constant in the present caso,
the mode of distortion inercases linearly as far as the refercnco
scction and is constnnt beyond that scction.  TIf the twist ot the
roferenco scction is @ the cnergy is given (from A,16) by

no 1_’0. 602
e
siligf

c

v |

(o]

(4.17)

. For the dynanic mode O is jnroportiom.l to sin X n » and sinece,
by definition, 6 = 8, whenm= n,, wo have Z
x

“n

sin
9o '—%" -

sin —= Yo (4.18)

Whence, again by (A.16)
2 g2 3

x o
D J.coaz (Zom) an
4 sin“%*/2 n, o
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The ratio of crergies is obtained from cquaticns (A.17) and (Ae19).

2 ™
> sin ("4‘. )
n 2

o
Hereover, as the twist at the refercnce sccticn is the same in the
two modes, this reatio is also the ratio of +hc measured stiffness to
thé effective stiffncss, Whenoe

8 ., @ mo
3 sin® ( 5 )
x TNo

N

(A.20)

The ratio (mg /mg 1) is plotted in Fig.8 against fraa cquaticn
(A+20), It can be séen {rom this graph, or cbiaincd analytically, that
the peak occurs at n, ='0.74 approximately, and for this condition
tho ratio is a little meore than 929, For M umity, morcover, the 11
result agrees with that obtained by Tuncan and Cellay in R & ife 1518 .
In Fig.10 tho static andd/nomic modes are cuapared for the standard
refercrice section, and this comparison doos suggest that the statie
mode rcsembles the dynamic modo most clescly for e refercnee Scction
at a value of M of about 0.7.

3422 The Tapercd Wing
The static mode is ro lomger lincar, and is given by

dn

1 1
S
-3 Cy (1 -em)

g (1 = )3, 4 - (1 -wn)>
1= =)  (1-m)

0=

dag - 8, (4 -""’Pc)3 . 3=
i 1=-( -ﬂb)j (1 - m)*

The cncrgy in the static mode is therefore (by (A.16))
v 2’ 2

L S TG T T A Rl R 5 S
Us'- -zg—{ 1 - (1 = 1'“0)33 \&; (1 _‘rn)li-

N

_ Lo { (1 "'“'ln)3 &. 3589 2
= o
4 1-(1=m)°

2,
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.To determine the enorgy in the dramie mode Up, -S8 is found by
an

differentiation of (A.10). The rosult is so complicated algebreically
that the intogrations for '}T have been carried out graphically (by use
of Simpson's rule).” The ratio Uy/Un or mg /g1 is then obtained
directly as before. i

The graphs now obtained for g /mo 1 axo plotted against the
referenco section in Fige8. Theso graphs show that the peak of the
curve moves towards tho root as the taper beeomes more nronounced.

At the samc time the ordinatc at the moximum incrcases with taper while
the taper is =aall, but as the tapcr beeomes morc pronounced it starts
to fall off again. For high tapcrs this fallin? off® of th: maximuna
together with its inboard trend causcs a pronounced variation in the
‘ratio /mg 1 for the standard refcroncc scetion ( n, = 0.7) such that
as«< varics Foom % to 3 the rotio drops fram 0,97 to 0469,  The variaticn
witht for ny = 0.7 is given in Fig.9.

' "Por tho purpose of .cemperiscn with Pig.10.which applies to the
untaperced wing, .the static and dynanic modoes aro shovn in Fige11 for tho
standard referonee scetion when%= 0,75. The disparity between tho two
modes is greater in the easc of the strongly tapcred wing, as would be
oxpeoted from the cnergy differences

3.3 Relaticn to the Critericn

As the criterion proposed is primerily o flutter criterion, the
torsional atiffness on which it depends shnu.}d be that appropriate to
the flutter mode - the effcetive stiffncss m'yg o«  This stiffness,
however, exvresscd in terms of the stiffnccs a3 normnlly measured in o
static test, depends only on the taper witih tho assumptiomade in the
present report and for a stnndard refcrence scction. For obvious
reasons it is morc ccnvenient that the stiffness put into the eritorion
should be thc nomel test value, and accordingly the variantion with %
given by Fig,9 is incorporated in the overull wariation with taper, and
is implicit in tho right hand side of cquation (8) and the relation (9)
cf the main text, N

I The Fluttor Cnlculations % &

The basig of the flutter caleulations iz the method described in
Re & 1. 1768210,  The same binary aporoach is followed, and apart from
the cxecptions given below the some assumptions aro wnde. In those
circumstances it has not becn thought worth while to reproduce the
flutter oquntions here; in the nmain they arc identieal with those
given in R. & }fa 1782, and the slight modifications nccessary to tho
various integrals arc quite obvious. Onc point of siuilarity,
however, deserves special mention.  The ncrodynamic derivatives uged
arc the constant derivatives first introduccd by Duncan and Collar!? ’
and adopted in many-later works (Refs.10 w:nd 12 for cxamplc)s  Thesc
derivatives do not vary with taper. and thercby introduce an assueption
which may affect the variation of critical speed with taper, and which
has not been justificd experimentally. For although derivatives
have been mersured on both tapered and urtapered winss (the results are
given in two papers, 2k, 25 by Willisme) the results evailable arc not
sufficicntly systcmatic or completc for o variation with tapor to bo
deduced. Tho cxperiments mentioncd in Para.6 of the main text may
provido scme valuable information on this question.

Tho difforenccs betwocn the present cnlculations and thoso of
Re & He1782 may be sumanriscd as

25
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(1) Tho torsicnal mode is Varied with taper as doscribed in Parn.2.
(11) The flexural mode iz assumed parabolic.

(111)The sectional mements of inertia arc nssuacd constant (for o
given cherd) about the axis of inertin. For the tems
involving this moucnt of inertia in the fluticr équations
(the § texms) a correction is applicd to give the value
ppropriate to rotation abecut the flexural axis.

(iv) The solution in tcrms of r.101 is ccrnceted to a solution in
terms of mg by the method of Pari.Je

Soue bricef ccmnents on these points may perhops be worth while,
Peints (i) and (iv) arc closcly related and have already been discussed
in some detail. The assumption (1i) is mnade chiefly for the purpose of
simplifying the cvaluntion of the inteprals. The flexurel wmode
adopted in R. & i1.178210 (and later in R. & He18691¢) 45 an empirieal
onc and would noccssitate graphieal treatment, wherens a mode of the
form £ = knP is simply intesrated analytically.  The modo of R. & 1.1782
cerresponds roughly to a value of n of 1.8, but the sirple parcbols is
thought to be quite as typical of the modes likely to be oxperienced in
practicc. Point (iii) above is mnde to corrcct a slight inconsistency
in R.& H.1702 where the mancnts of inertia about the flexwrnl oxis,
and not gbout the axis of incrtin arc constant; this wos pointed out
by Buxton'-.

The prosent investigation includes the variation of several
paramcters.  Thesc arc indicated by Table II.

Tablc II

h = 043 h = 0.35

0, 0.25, 0.5, 0.75 0, 0.25, 0.5, 0.75

0-4, 0011-5, 015 OOII-, 0045, 015

0, 0.5, 1.0, 1.5 150

The value of gy, adopted throughout is 4.6 pounds pcr cubic f'oot.
The results of the main part of the investigation, riven by the lef't
hand side of Table II, are shovm in Fip.2, l('\"rhurc k=11 ). To
complete the picturc, the three graphs of B apainst ¢ with different
values of g arc plotted for cach vnlue of h in Fige12, 1In all these
graphs the effective stif'fness mly has been replacod by the measurcd
stiffness 14 by the method of the preceding paragroph, It will be
noted that the cffcet of h alono is small = especially so when the
scparation betwecn the flexural and inertial nxes is large.

5 Definition of Taper in Non=-lincnr cascs

The problan of defining the trper of a wing, which is not straipht
tapered has always been difficult. Clearly it is not sufficient in

{
|
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such a c2sc to tnke the ratio of the acturl tip chord to the setual
root chord; nn clliptic wing, for cxmuaplc, could not be represented
in this rnner.

There arc two standard woys of defininz toper, and three new
methods are considered herc. The five mcthods will, for ccnvenience,
be reforred to by nuwbers, First, the standard niethods,

(1) ‘Comsidor a straight tapercd wing with tho seme nrea, the
same span and swae root cherd ~e the actunl wing,

(2) The srie as (1) but with constant mid-aileron chord instend
of rcot chord.

The first mgphod is that uscd for strcessing problems, The scecnd
is that of Hirst®® uscd in =ileron reverssl work; herc vio adopt the
scetion N = 0.7 (tho refcrence scetion) rather than the nidesiloron
section, E

The new mcthous‘aro Jbased cn the prineciple cf least squarcs.
In ecach caso an oquivalent wing i3 considerod whosc taper is given by

cﬁord=a+ hn

where a and b arc constants, If o is the loeal chord on the actunl
wing, mcthods 3, 4 and 5 moy be stoted

S 2
(3) the span is.constant and E(a + by = ¢)° dnis a minimun,

(4) thc span is constant and Z{(a + bn- c)z'nl nis o ninimun,

g 2
(5) thc span is constant and Z(a + bn -.c)2n dnis a miniaun,

Hethod (3) is the normal least squares result, ~nd ncthods (4) =na
(5) involve woighting of the tip scetions. It should be noted that
mcthod (3) nutomaticqlly leads to an cquivalent wing of the same nrea
as the actunl wing. liethods (4) and (5) on the other hand do not,
and corpection must be made adcordingly to the valus of o used in the
eriterien, '

Comparison of the methods is effccted by firut chtzining tho
critiecal spced of two wings, ono of clliptical toper and the othor of
polygondl shope with zero toper at the root and pronounced taper tovmrd
the tip. The former result was cbtained fron Bucton!d and the lattoer
worked out with (in both cunses) = linoar torsion 1o0de nnd the other
nssumpticns 28 in Purz.k of this sppendixe These rcsults could then
bo comparcd, for various conditions, with thosc given by the different
linonr tapers as obiained by methods (1) to (5) wboves

This comparison has been mnde, and the conclusion reached was that
methods (2) and (5) rive the.best results, with little to choosec betwecen
thern.  Under thoae circumstances it is obviowsly desirablc that wethod
(2), in view of iis extreme simplicity, be adepted ns standnrd. No
attempt is mado hero to give tho camplete rosults of this inwvestipation
but in Tablc III a speeimen of the results is given which shows the
ordor of variantion. The quantity i is the critiecal value given by
thelexpression (2) of the moin text. The appropriato values of K are
miven under the various conditions indicated.
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elliptical wing polyrcnal wing

Ow = Ouly oy = 0.{.

0.0167 | 0.0213 65 0.0206

000171 0 0020{ 0. 01 ‘9
0.0143 | 0.,0190 22 0.018
0.0142 ‘ 0.0190 0.0186

|
0.0135 | 0.,0195 0.0187

0.0154 | 0,020 - 0.0186

In Teble III the values of r, h and © orc 1.0, 0.3, ond O.k
respectively. It‘nny be noted from Toble IIT thet ilethod (1) brenks
down badly for the polysonal wing., A Jurther noteworthy peint is that
the cr;c.’r of nothod (2), apart from the low wing density casc, is cnly
about 205

The taper ns defined by nethod (&) moy be cxpressed in the fom

c¢' = 0.6 ¢,
ko e}

Tok cp, = c?

vhere o is the neen chord, and c¢' the chord at the scetion m = 0.7.

6 Conclusions

Scme conclusions of interest may be drawn fron the results of this
appendix, apnrt from their application to thc proposcd wing stiffness
criterion. It is showm that the diffcrence betwcen the effective and
measurcd stiffness may be quite lurre = vver for cenventional swings.
For such euscs the cffect is thoupht to be ndequately covered by the
variation of the critcrion with t~per; but if detailed flutter calculations
arc %o be made in any specific case (vwhere, perhaps, the wnrgin of
safety is critically manll or where cther fenturcs render spceinl
ealculntion advisable) the wing stiffness would best be obtained by
mensureuents {or calculation) in which the wing is uade to twist in its
assimed vibration nwode,

It is also coucluded that the couivalent toper of & nuy;—tmii".,rm
ving nuy be obtnined by a method antlegcus to that of Hirst<® for
aileron reversal, to within an nccuracy of about 27 on criticnl specds
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VARIATION OF CRITICAL FLUTTER SPEED PARAMETER®N
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